Analogies between the geodetic number and 
the Steiner number of some classes of graphs 

Ismael G. Yero^ and Juan A. Rodriguez- Velazquez^ 

''"Departamento de Matematicas, Escuela Politecnica Superior de Algeciras 
Universidad de Cadiz, Av. Ramon Puyol s/n, 11202 Algeciras, Spain. 

ismael.gonzalez@uca.es 

2 

Departament d'Enginyeria Informatica i Matematiques 
Universitat Rovira i Virgili, Av. Pai'sos Catalans 26, 43007 Tarragona, Spain. 

juanalberto.rodriguez@urv.cat 

Abstract 

A set of vertices 5 of a graph G is a geodetic set of G if every 
vertex v ^ S lies on a shortest path between two vertices of S. The 
minimum cardinality of a geodetic set of G is the geodetic number of 
G and it is denoted by g{G). A Steiner set of G is a set of vertices 
W oi G such that every vertex of G belongs to the set of vertices 
of a connected subgraph of minimum size containing the vertices of 
W . The minimum cardinality of a Steiner set of G is the Steiner 
number of G and it is denoted by s{G). Let G and H be two graphs 
and let n be the order of G. The corona product G Q H is defined 
as the graph obtained from G and H by taking one copy of G and 
n copies of H and joining by an edge each vertex from the z*'^-copy 
of H with the i*''-vertex of G. We study the geodetic number and 
the Steiner number of corona product graphs. We show that if G is 
a connected graph of order n > 2 and H is a non complete graph, 
then g{G H) < s{G H), which partially solve the open problem 
presented in [Discrete Mathematics 280 (2004) 259-263] related to 
characterize families of graphs G satisfying that g{G) < s{G). 
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1 Introduction 



The Steiner distance of a set of vertices of a graph was introduced as a 
generahzation of the distance between two vertices [3]. In this sense, Steiner 
sets in graphs could be understood as a generahzation of geodetic sets in 
graphs. Nevertheless, its relationship is not exactly obvious. Some of the 
primary results in this topic were presented in [4], where the authors tried 
to obtain a result relating geodetic sets and Steiner sets. That is, they tried 
to show that every Steiner set of a graph is also a geodetic set. Fortunately, 
the author of [9] showed by a counterexample that not every Steiner set of 
a graph is a geodetic set, and it was pointed out an open question related 
to characterizing those graphs satisfying that every Steiner set is geodetic 
or vice versa. Some relationships between Steiner sets and geodetic sets 
were obtained in [2, 4, 7, 8, 9]. For instance, [2] was dedicated to obtain 
some families of graphs in which every Steiner set is a geodetic set, but the 
problem of characterizing such a graphs remains open. 

In this work we show some classes of graph in which every Steiner set 
is a geodetic set. For instance, we prove that if G is a graph with diameter 
two, then every Steiner set of G is also a geodetic set. We also obtain some 
relationships between the Steiner (geodetic) sets of corona product graphs 
and the Steiner (geodetic) sets of its factors and, as a consequence of this 
study, we obtain that if G is a corona product graph, then every Steiner set 
of G is a geodetic set. 

We begin by stating some terminology and notation. In this paper G = 
{V,E) denotes a connected simple graph of order n = \V\. We denote two 
adjacent vertices u and v hj u ^ v. Given a. set W G V and a vertex v & V, 
Nw{v) represents the set of neighbors that v has in W, i.e. Nw{v) = {u G 
W : u ^ v}. The subgraph induced hj a. set W C V will be denoted by 
(W). 

The distance dG{u,v) between two vertices u and v is the length of a 
shortest u — v path in G. If there is no ambiguity, we will use the notation 
d{u, v) instead of dciu, v). A shortest u — v path is called u — v geodesic. We 
define Ig[u,vY to be the set of all vertices lying on some u — v geodesic of 
G, and for a nonempty set S C V, Ig[S] = [Juv&s ^gI^^'v] {I[S] for short). 
A set S* C ^ is a geodetic set of G if Ig[S] = V and a geodetic set of 
minimum cardinality is called a minimum geodetic set [6]. The cardinality 

^If there is no ambiguity, then we will use I[u,v]. 
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of a minimum geodetic set of G is called the geodetic number of G and it is 
denoted by g{G). A vertex v eV is geodominated by a pair x,y eV iiv lies 
on an X — y geodesic of G. For an integer k >2, a. vertex w of a graph G is 
k- geodominated by a pair x, y of vertices in G if y) = k and f lies on an 
X — y geodesic of G. A subset S' C \/ is a k-geodetic set if each vertex v in 
5 = y — S* is fc-geodominated by some pair of vertices of 5*. The minimum 
cardinality of a /c-geodetic set of G is its k-geodetic number gk{G). It is clear 
that g{G) < gkiG) for every k. 

For a nonempty set W of vertices of a connected graph, the Steiner 
distance d{W) of is the minimum size of a connected subgraph of G 
containing W [3]. Necessarily, such a subgraph is a tree and it is called a 
Steiner tree with respect to or a Steiner W-iiee, for short. For a set 
W V, the set of all vertices of G lying on some Steiner H^-tree is denoted 
by Sg[W] (or by S[W], if there is no ambiguity). If Sg[W] = V, then W 
is called a Steiner set of G. The Steiner number of a graph G, denoted by 
s{G), is the minimum cardinality among the Steiner sets of G. 

Let G and H be two graphs and let n be the order of G. The corona 
product GqH is defined as the graph obtained from G and H by taking one 
copy of G and n copies of H and then joining by an edge, all the vertices from 
the i*''-copy of H with the i*'*-vertex of G. Throughout the article we will 
denote hj V = {vi,V2, ■■■,Vn} the set of vertices of G and by Hi = {Vi,Ei) 
the copy oi H in G Q H such that Vi v for every v EVi. 

2 Geodetic number of corona product graphs 

We begin by stating some results that we will use as tool in this section. The 
first one is the following well-known result. 

Lemma 1. [6] Let G be a connected graph of ordern. Then g{G) = n if and 
only ifG^ K^. 

Our second tool will be the following useful lemma related to the geodetic 
sets of corona product graphs. 

Lemma 2. Let G = {V, E) be a connected graph of order n and let H be a 
graph. Let Hi = (Vi, Ei), H2 = (V2, E2), Hn = {Vn, En) be the n copies of 
H inG&H. 

(i) Given three different vertices a, b and v ofGQH, ifvEVi and [a ^ Vi 
orb ^ Vi), then v ^ IcQHla, b]- 
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(ii) If W is a geodetic set o/GqH, then WnVi ^ 0, for every i G {1, n}. 

(iii) IfW is a minimum geodetic set of G Q H and either n > 2 or [n = 1 
and H is a non- complete graph), then W (IV = ^. 

(iv) If H is a non-complete graph and W is a minimum geodetic set of 
G Q H , then for every i G {1, ra}, Wt = W (iVi is a geodetic set of 
{vi)&H,. 

Proof, (i) and (ii) follow directly from the fact that the vertices belonging to 
Vi are adjacent to only one vertex not in Vi. 

Now let W be a geodetic set oi G & H and let W = W' -V. We will 
show that is a geodetic set of G Q H. By (ii) we have that for every 
i G {1, ...,n} it is satisfied, W r\Vi (/}, and by (i), we have that if f G V^, 
then there exist a', b' G V^jriH^, such that v G /cei/K, b']. Now, if n > 2, then 
for every vertex Vi E V we have that Vi G Igqh [c, d] , with c E W HVi and 
d E W nVj, j i. Thus, W is a. geodetic set oiGQH . On the other hand, if 
n = 1 and if is a non-complete graph, then G Q H is a. non-complete graph 
and, by Lemma 1, g{G H) < n2, where n2 is the order of H. Hence, (W) 
is not isomorphic to a complete graph. So, there exist two vertices x,y E W 
such that the vertex of G = i^i belongs to Igqh[x, y]- Moreover, by (i), every 
vertex of W different from the vertex of G is geodominated by two vertices of 
W. Thus, is a geodetic set oi G Q H and, as a consequence, (iii) follows. 

Finally, let if be a non-complete graph and let be a minimum geodetic 
set of GqH. By (ii) we have that Wi = WnVi ^ 0. Also, by (iii) we have that 
V^nVT = 0. Now we suppose that Wi is not a geodetic set of (vi) QHi. Hence, 
there exists v E ViU {vi} such that v ^ /(,,-)o//Jx, y] for every x,y E Wi. By 
(i) we have that if v E Vi — W, then v must be geodominated by vertices 
of Wi, which is a contradiction, so v ^ Vi, i.e., v = Vi. Now, since Vi is 
adjacent to every vertex of Hi and Hi is a non-complete graph, we obtain 
that there exist two non-adjacent vertices c,d of Hi such that c,d E Wi. 
Hence, Vi E I{i,^)QH,[c,d], a contradiction. Therefore, (iv) follows. □ 

The following relation between g{H) and g{Ki H), which we will use 
here, was obtained in [2]. 

Lemma 3. [2] For any graph H, g{Ki & H) > g{H). 

A vertex v is an extreme vertex in a graph G if the subgraph induced 
by its neighbors is complete. The following lemma is a consequence of the 
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observation that each extreme vertex w of G is either the initial or terminal 
vertex of a geodesic containing v. 

Lemma 4. [1] Every geodetic set of a graph contains its extreme vertices. 

Proposition 5. Let G he a connected graph of order Ui and let H he a graph 
of order 77.2. If n\>2 or {ui = 1 and H is a non-complete graph), then 

nig{H) < g{G Q H) < mns- 

The upper hound is achieved if and only if H is isomorphic to a graph in 
which every connected component is isomorphic to a complete graph. 

Moreover, if no connected component of H is isomorphic to a complete 
graph, then 

giGQH)<n,in,-l). 

Proof. If H = Kn2, the vertices of the set U^liVi are extreme vertices. Then, 
by Lemma 4 we have g{G Kn2) > ■"■1^2 = nigi^Kn^)- For non-complete 
graphs the lower bound follows directly from Lemma 2 (iv) and Lemma 3. 
On the other hand, if rii > 2, then every vertex f j G is geodominated, in 
GqH, by two vertices belonging to different copies of H. So, the set ljr=i ^ 
is a geodetic set of G © if. Thus, g{G (D H) < nin2. Finally, if ui = 1, then 
the order of G Q H is n2 + 1. Hence, if if is a non-complete graph, then 
Lemma 1 leads to the upper bound g{Ki H) < 722- 

Now, let us suppose that there is a component of H which is not iso- 
morphic to a complete graph. In such there are three different 
vertices Ui,Xi,yi G Vi such that Uj G i//Jxj,|/j], with i G {l,...,ni}. Let 
V = Ui = Vi - {ui}, with i G {!,... and let U = [Jil^Ui. 
We will show that U is a. geodetic set of G Q H. Since for every vertex 
Ui G Ui we have that Ui G i//. [xj , , we obtain that Ui G Igqh[U]. Also, as 
for every Vi G V, we have that Vi G IgqhIo'^ b], for some a & Ui and 6 G Uj, 
with i 7^ j, we obtain that Vi G Igqh[U]. Therefore, f/ is a geodetic set of 
GqH and, as a consequence, g{G (D H) < \U\ = ni(n2 — 1). Therefore, if 
g{GQ H) = nin2, then H is isomorphic to a graph in which every connected 
component is isomorphic to a complete graph. □ 

Theorem 6. Let G he a connected graph of order n and let H he a non- 
complete graph. Then, 

g{GQH) = ng{KiQH). 
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Proof. Let ly be a minimum geodetic set oi G Q H . From Lemma 2 (iii) we 
have that W nV = ^. Also, by Lemma 2 (ii) and (iv) we have that for every 
i G {1, ...,n}, the set Wi = WnVi ^ is a geodetic set of {vi)QHi = KiQH. 
Hence, we have 

n n 

g(G QH) = \W\ = Y, > Y.9ii^'i) Hi) = ng{Ki H). 

i=l i=l 

On the other hand, let f/j C U {vi} be a minimum geodetic set of 
{vi) Hi and let U = Ui^-^Ui. Notice that, by Lemma 2 (iii), Vi ^ Ui. We 
will show that f/ is a geodetic set of G if. Let us consider a vertex x of 
G Q H . We have the following cases. 

Case 1: If x G {Vi U {fj}) — f/j, then there exist u,v G Ui such that 
X G Ii^^^)QH,[u,v]. So, X G Igqh[u,v]. 

Case 2: If x = t'j G V and n > 2, then for every vertex v E Ui and some 
u G f/j, j ^ i we have that x G /G0/i'[ti, v]. Also, if x G V and = 1, then as 
if is a non-complete graph, there exist two different vertices a,b E U = Ui, 
such that X G /^©//[a, 

Thus, every vertex x of G -ff is geodominated by a pair of vertices of U 
and, as a consequence, & H) < ng{Ki if). Therefore, we obtain that 
g{GQH)=ng{KiQH). □ 

The geodetic number of wheel graphs and fan graphs were studied in [2] 
and [5]. 

Remark 7. [2] Ifn>A, then giWi^n) = [f ] • 

Remark 8. [2, 5] If n > 3, then g{Fi^n) = [^] • 

As a particular cases of Theorem 6 and by using the above remarks we 
obtain the following results. 

Corollary 9. Let G be a connected graph of order ui. 

(i) Ifn2 > 4, then g{G C„J = nig{Wi,n,) = rii \f] . 

(ii) Ifn2 > 3, then g{G P„,) = n^giF^^n,) = f^^] . 

iFiom. Lemma 3 we have that g{Ki H) > g{H). Hence, Theorem 6 
leads to the lower bound of Proposition 5. Now we are interested in those 
graphs in which g{H) = g{Ki H). 
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Theorem 10. For a connected graph H , the following statements are equiv- 
alent: 



• g{H) = g{K,QH). 
. g{H) = g,{H). 

Proof. Let us suppose g{H) = g^i^H). Let W he & 2-geodetic set of minimum 
cardinality in H. Hence, for every vertex u &W there exist a,b & W, such 
that u G ///[a, b] and dnia, b) = 2. Since every geodesic of length two in H 
is a geodesic in Ki H, we have that W is a geodetic set of Ki H. As 
a consequence, g{H) > g{Ki H). Hence, by Lemma 3 we conclude that 
g{H) = g{K,QH). 

On the other hand, let us suppose g{H) = g{Ki H). Let [/ be a 
minimum geodetic set of Ki Q H and let v be the vertex of Ki. Since H 
can not be a complete graph, by Lemma 2 (iii) we have that v ^ U. Now, 
since Ki Q H has diameter two, we have that for every vertex u of H not 
belonging to U, there exist a,b eU such that u G Iki&h[0', b] and du^a, b) = 2 
(Note that if dnidyb) > 2, then u ^ //^^0//[a,6] = {a,b,v}). Hence, ?7 is a 
2-geodetic set of H. Thus, g^{H) < \U\ = g{Ki Q H) = g{H). Also, as 
g{.H) < g^iH), we obtain that g{H) = gJ{H). □ 

Theorem 11. LetG be a connected graph of ordern and let H be a connected 
non- complete graph. Then the following statements are equivalent: 

. g{GQH) = ng{H). 

. g{H) = g,{H). 

Proof. The result is a direct consequence of Theorem 6 and Theorem 10. □ 

Since for every graph H of diameter two we have g{H) = g,^{H), Theorem 
11 leads to the following result. 

Corollary 12. Let G be a connected graph of order n and let H be a graph. 
IfD{H) = 2, then 

g{GQH) = ng{H). 
Another consequence of Theorem 10 is the following result. 
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Corollary 13. Let G and H be two connected graphs of order ui and n2, 
respectively. Let be the empty graph of order k >2. Then 

g{G Q (H Q Nk)) = ninafc. 

Proof. The result follows from the fact that g{H Q Nk) = g^{H Q Nk) = n2k. 
That is, the set composed by the 77.2 /c pendant vertices of if iV^ form a 
geodetic set of H Q which is a 2-geodetic set. So, g{H A^'^) < g^{H Q 
Nk) < n2k. Moreover, since every pendant vertex is an extreme vertex, by 
Lemma 4 we have g{H A^^) > n2k. Therefore, the result follows. □ 

The following result improves the lower bound in Proposition 5 for those 
graphs whose geodetic number is different from its 2-geodetic number. 

Theorem 14. Let G be a connected graph of order n and let H be a non- 
complete graph. If g{H) ^ g^{H), then 

g{G&H)>n{g{H)-l). 

Proof. As a direct consequence of Theorem 10 and Lemma 3 we obtain that, 
iig{H)y^g,iH),then 

g{K,QH)>g{H)-l. (1) 
Hence, the result follows directly by Theorem 6 and (1). □ 

3 Steiner number of corona product graphs 

In this section the main tool will be the following basic lemma. 

Lemma 15. Let G = {V, E) be a connected graph of order ui and let H be 
a graph of order n2. Let Hi = {Vi,Ei),H2 = {V2,E2), ...,Hn = {Vn,En) be 
the ui copies of H in G Q H . 

(i) Ifni>2 and A C U^li^i with AnVi ^ for every i e {l,...,ni}, 
then every Steiner A-tree contains all vertices of G 

(ii) IfU is a Steiner set of G Q H , then U nVi ^ ^, for every i E {1, ...,n} . 

(iii) Ifni >2orn2>2, then for every Steiner set U of minimum cardinality 
inGQH it follows UnV = 
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Proof, (i) follows from the fact that if there exists a Steiner A-tiee T not 
containing a vertex of G, then T is not connected, which is a contradiction, 
(ii) follows directly from the fact that the vertices belonging to Vi are adjacent 
to only one vertex not in Vi. 

Now let U' be a Steiner set of G Q H and let U = U' -V. We will show 
that f/ is a Steiner set for G Q H. By (ii) we have that f/ fl 7^ 0, for every 
i G {1, ...,n}. Also, if V E Vi, then we have that there exists a Steiner U-tree 
in G if such that it contains the vertex v. Now, since rii > 2 we obtain 
that every vertex Vi E V belongs to every Steiner ?7-tree (note that every 
shortest u — v path, where v E Vi and u G Vj, j 7^ i, must contain Vi). Thus, 
U is a. Steiner set for G Q H and (iii) follows. □ 

The next lemmas obtained in [4] will be useful to obtain our results. 

Lemma 16. [4] Let G he a connected graph of order n. Then s{G) = n if 
and only if G = Kn- 

Before present our main results about the Steiner number, let us show 
the following useful lemma. 

Lemma 17. For any graph G, s{Ki Q G) > s{G). 

Proof Let n be the order of G. If G = K^, then Ki Q G = Kn+i, so by 
Lemma 16, s{KiQG) =n + l > n = s{G). If G ^ K^, then the result follows 
immediately from Lemma 15 (iii). □ 

Proposition 18. Let G = {V, E) he a connected graph of order Ui and let 
H he a graph of order 77-2. If ni > 2, then s{G H) = nin2. 

Proof. Let A = U^J^^Vi. By Lemma 15 (iii) we have that every Steiner set of 
minimum cardinality is a subset of A. Thus, A is a Steiner set of G if and, 
as a consequence, s(G Q H) < nin2. 

Now, let us suppose B is a. Steiner set of minimum cardinality in G if. 
By Lemma 15 (iii) we have that B does not contain any vertex of G. Now, let 
us suppose there exists a vertex Vi eV such that BnVi C Vi. Let Bi = BnVi 
and let u E Vi — Bi. Since every vertex of Bi is adjacent to Vi, and Vi belongs 
to every Steiner i?-tree T, we have that the size of the restriction of T to 
Vi U {vi} is \Bi\. Thus, the vertex u does not belong to any Steiner i?-tree in 
G Q H, which is a contradiction. Thus, for every i G {1, rii} we have that 
B nVi = Vi. Therefore, s(G if ) > nin2. The proof is complete. □ 
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The Steiner number of wheel graphs and fan graphs were studied in [2] 
and [5]. 

Remark 19. [2] Ifn>4, then s{Wi,n) = n-2. 
Remark 20. [2, 5] If n > 3, then = n-l. 

Theorem 21. Let H be a connected non complete graph. Then the following 
statements are equivalent: 

• s{KiQH) = s{H). 

• D{H) = 2. 

Proof. Let B he a. Steiner set of minimum cardinahty in H and let v be the 
vertex of Ki. If D{H) = 2, then there exist three vertices of H such that 
x,y ^ B and z ^ B, dnix^y) = 2 and x,y G Nb{z). So, if we take a Steiner 
5-tree T in H containing the path xzy, then replacing the vertex 2; of T by 
the vertex v, and replacing every edge uz of T by a new edge uv, we obtain a 
Steiner B-tiee T' in KiQH. Hence, i? is a Steiner set for KiQH. Therefore, 
s{H) > s{Ki © H) and, by Lemma 17, we conclude s{H) = s{Ki H). 

Now, let if be a graph such that s{Ki Q H) = s{H). Let be a Steiner 
set of minimum cardinality in KiQH and let v be the vertex of Ki. We first 
show that is a Steiner set for H. Note that by Lemma 15 (iii), v ^ W. 
Since the star graph of center w is a Steiner W-tree, we have that the Steiner 
distance oiW in KiQH is d(W) = \W\. If (W) is connected, then is the 
order of Ki H, which is a contradiction. Thus, (W) is non connected. Let 
{Wi), {W2), ...,{Wk) be the connected components of (W). If there exists 
a vertex u of H such that u ^ W and Nyi/i{u) = 0, for some i, then the 
Steiner distance of W in Ki Q H is d{W) > Yl'i=i \ = 1^1^ which is a 
contradiction. So, every vertex u of H not belonging to W is at distance 
one to every connected component of (W) and, as a consequence, W is a. 
Steiner set of H, which has minimum cardinality since s{Ki H) = s{H). 
Let us show that D{H) = 2. On the contrary, we suppose that D{H) > 3 
(note that H is not a complete graph). /^From the assumption D{H) > 3, we 
conclude that for each vertex u of H, not belonging to W, there exist y & 
(for some i) such that d{y,u) = 2. Let x E Wi he a. neighbor of both u and 
y, and let W = W — {x}. Then we have that every Steiner H^-tree of if is a 
Steiner H^'-tree of H and, as a consequence, W is a Steiner set of H, which 
is a contradiction. Therefore, D{H) = 2. □ 
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4 Relationships between the geodetic num- 
ber and the Steiner number 



Here we show some classes of graphs where the Steiner number is greater 
than or equal to the geodetic number. 

Theorem 22. If G is a graph of diameter two, then every Steiner set for G 
is a geodetic set for G. 

Proof. Let be a Steiner set of minimum cardinality in G and let n be the 
order of G. If {W) is connected, then \W\ = n. So, by Lemma 16 we have 
that G = Kn, which is a contradiction because G has diameter two. Thus, 
(W) is non connected. Let (Bi), (-B2), (Br) be the connected components 
of W. We assume that W is not a geodetic set. Then there exists a vertex x 
of G such that x ^ I[W]. Thus, x ^ W and x ^ I[u,v] for every u,v E W. 
Hence, Nw{x) C Bi, for some i G {l,...,r}. Since G has diameter two, 
any Steiner W-tree is formed by r Steiner Sj-trees connected by vertices 
Vi,V2, .■■,Vt, t > 1, not belonging to W such that Nw^Vi) (t Bj, for every 
t e {l,...,t} and J e {l,...,r}. Hence, S[W] = (ULi^^^U (Ulil^^})- 
Therefore x ^ •S'fVT], which is a contradiction. □ 

Corollary 23. If G is a graph of diameter two, then g{G) < s{G). 

Now, from Theorem 6, Proposition 18 and Corollary 23 we obtain the 
following interesting result in which we give an infinite number of graphs G 
satisfying that g{G) < s{G). 

Theorem 24. Let G be a connected graph of order ni > 2 and let H be any 

non complete graph of order n2 ■ Then, 

g{GQH) < s{GQH). 

Proof. By Theorem 6 we have that g{G Q H) = ng{Ki H). Since, KiQ H 
has diameter two, by using Corollary 23 we have that g{KiQH) < s{KiQH). 
Finally, by Proposition 18 we know that s{G H) = ni?T,2. Hence, 

g{G QH) = nig{Ki Q H) < n^s{K^ Q H) < n,n2 = s{G H). 

□ 
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